We present the numbers of dimer-monomers on the Sierpinski gasket SG d (n) at stage n with dimension d equal to two, three and four, and determine the asymptotic behaviors. The corresponding results on the generalized Sierpinski gasket SG d,b (n) with d = 2 and b = 3, 4 are obtained. SG 2,3 (1) SG 2,3 (2) SG 2,4 (1) FIG. 2: The generalized two-dimensional Sierpinski gasket SG 2,b (n) with b = 3 at stage n = 1, 2 and b = 4 at stage n = 1.
I. INTRODUCTION
The enumeration of the number of dimer-monomers N DM (G) on a graph G is a classical model [1, 2, 3] . In the model, each diatomic molecule is regarded as a dimer which occupies two adjacent sites of the graph. The sites that are not covered by any dimers are considered as occupied by monomers. Although the close-packed dimer problem on planar lattices has been expressed in closed-form almost half a century ago [4, 5, 6] , the general dimer-monomer problem was shown to be computationally intractable [7] . Some recent studies on the enumeration of close-packed dimer, single-monomer and general dimer-monomer problems on regular lattices were carried out in Refs. [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18] . It is of interest to consider dimer-monomers on self-similar fractal lattices which have scaling invariance rather than translational invariance. Fractals are geometric structures of non-integer Hausdorff dimension realized by repeated construction of an elementary shape on progressively smaller length scales [19, 20] . A well-known example of fractal is the Sierpinski gasket which has been extensively studied in several contexts [21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31] .
We shall derive the recursion relations for the numbers of dimer-monomers on the Sierpinski gasket with dimension equal to two, three and four, and determine the asymptotic growth constants. We shall also consider the number of dimer-monomers on the generalized Sierpinski gasket with dimension equal to two.
II. PRELIMINARIES
We first recall some relevant definitions in this section. A connected graph (without loops) G = (V, E) is defined by its vertex (site) and edge (bond) sets V and E [32, 33] .
Let v(G) = |V | be the number of vertices and e(G) = |E| the number of edges in G. The degree or coordination number k i of a vertex v i ∈ V is the number of edges attached to it.
A k-regular graph is a graph with the property that each of its vertices has the same degree k. In general, one can associate monomer and dimer weights to each monomer and dimer connecting adjacent vertices (see, for example [16] ). For simplicity, all such weights are set to one throughout this paper.
When the number of dimer-monomers N DM (G) grows exponentially with v(G) as v(G) → ∞, there exists a constant z G describing this exponential growth:
where G, when used as a subscript in this manner, implicitly refers to the thermodynamic limit.
The construction of the two-dimensional Sierpinski gasket SG 2 (n) at stage n is shown in Fig. 1 . At stage n = 0, it is an equilateral triangle; while stage n + 1 is obtained by the juxtaposition of three n-stage structures. In general, the Sierpinski gaskets SG d can be built in any Euclidean dimension d with fractal dimensionality D = ln(d + 1)/ ln 2 [22] . For the Sierpinski gasket SG d (n), the numbers of edges and vertices are given by
Except the (d + 1) outmost vertices which have degree d, all other vertices of SG d (n) have degree 2d. In the large n limit, SG d is 2d-regular.
FIG. 1: The first four stages n = 0, 1, 2, 3 of the two-dimensional Sierpinski gasket SG 2 (n).
The Sierpinski gasket can be generalized, denoted as SG d,b (n), by introducing the side length b which is an integer larger or equal to two [34] . The generalized Sierpinski gasket at stage n + 1 is constructed with b layers of stage n hypertetrahedrons. The two-dimensional SG 2,b (n) with b = 3 at stage n = 1, 2 and b = 4 at stage n = 1 are illustrated in Fig. 2 .
The ordinary Sierpinski gasket SG d (n) corresponds to the b = 2 case, where the index b is neglected for simplicity. The Hausdorff dimension for SG d,b is given by D = ln b+d−1 d / ln b [34] . Notice that SG d,b is not k-regular even in the thermodynamic limit.
for non-negative integer n. The initial values at stage zero are f 2 (0) = 1, g 2 (0) = 0, h 2 (0) = 1, t 2 (0) = 0 and M 2 (0) = 4. The values at stage one are f 2 (1) = 4, g 2 (1) = 4, h 2 (1) = 3, t 2 (1) = 2 and M 2 (1) = 27. The purpose of this section is to obtain the asymptotic behavior of M 2 (n) as follows. The five quantities M 2 (n), f 2 (n), g 2 (n), h 2 (n) and t 2 (n) satisfy recursion relations.
Proof The Sierpinski gaskets SG 2 (n + 1) is composed of three SG 2 (n) with three pairs of vertices identified. For the number M 2 (n + 1), the unallowable configurations are those with at least a pair of identified vertices originally occupied by dimers. Therefore, the three configuration with a pair of identified vertices occupied by dimers should be subtracted from all possible configurations M 3 2 (n). However, this procedure subtracts out also configurations with two pairs of identified vertices occupied by dimers that should be added back as illustrated in Fig. 4 . Finally, the configuration with three pairs of identified vertices occupied by dimers should be subtracted, and Eq. (3.2) is verified. As illustrated in Fig. 5 , the number f 2 (n + 1) consists of (i) one configuration where all three of the SG 2 (n) are in the f 2 (n) status, (ii) six configurations where two of the SG 2 (n) are in the f 2 (n) status and the other one is in the g 2 (n) status, (iii) three configurations where two of the SG 2 (n) are in the f 2 (n) status and the other one is in the h 2 (n) status, (iv) nine configurations where one of the SG 2 (n) is in the f 2 (n) status and the other two are in the g 2 (n) status, (v) two configuration where all three of the SG 2 (n) are in the g 2 (n) status, (vi) six configurations where one of the SG 2 (n) is in the f 2 (n) status, another one is in the g 2 (n) status and the other one is in the h 2 (n) status. Therefore, we have f 2 (n + 1) = f 3 2 (n) + 2f 2 2 (n)[gr 2 (n) + gl 2 (n) + gt 2 (n)] + f 2 2 (n)[hr 2 (n) + hl 2 (n) + ht 2 (n)] +2f 2 (n)[gt 2 (n)gr 2 (n) + gt 2 (n)gl 2 (n) + gr 2 (n)gl 2 (n)] +f 2 (n)[gr 2 2 (n) + gl 2 2 (n) + gt 2 2 (n)] + 2gr 2 (n)gl 2 (n)gt 2 (n)
With the identity gr 2 (n) = gl 2 (n) = gt 2 (n) = g 2 (n) and hr 2 (n) = hl 2 (n) = ht 2 (n) = h 2 (n),
FIG. 5: Illustration for the expression of f 2 (n + 1). The multiplication of three on the right-hand-side corresponds to the three possible orientations of SG 2 (n + 1).
Similarly, gt 2 (n + 1) = g 2 (n + 1), ht 2 (n + 1) = h 2 (n + 1) and t 2 (n + 1) for SG 2 (n + 1) can be obtained with appropriate configurations of its three constituting SG 2 (n) as illustrated in Figs. 6, 7 and 8 to verify Eqs. (3.4), (3.5) and (3.6), respectively.
FIG. 6: Illustration for the expression of gt 2 (n + 1). The multiplication of two on the right-hand-side corresponds to the reflection symmetry with respect to the central vertical axis.
Eq. (3.2) can also be obtained by substituting Eqs.
FIG. 7: Illustration for the expression of ht 2 (n + 1). The multiplication of two on the right-hand-side corresponds to the reflection symmetry with respect to the central vertical axis.
FIG. 8: Illustration for the expression of t 2 (n + 1). The multiplication of three on the right-hand-side corresponds to the three possible orientations of SG 2 (n + 1).
There are always 27 = 3 3 terms in Eqs. Table I . These numbers grow exponentially, and do not have simple integer factorizations. To estimate the value of the asymptotic growth constant defined in Eq. (2.1), we need the following lemmas. For the generalized two-dimensional Sierpinski gasket SG 2,b (n), define the ratios
For the ordinary Sierpinski gasket in this section ,they are simplified to be α 2 (n), β 2 (n) and
Lemma III.2 For any positive integer n, the magnitudes of f 2 (n), g 2 (n), h 2 (n), t 2 (n) are ordered as 
9)
Proof Eq. (3.9) is valid for the first few positive integer n by the numbers given in zero. Equivalently, we need γ 2 (n) ≤ β 2 (n) ≤ α 2 (n), which can be proved also by induction since the following two expressions are larger or equal to zero for any positive integer n.
It is clear that 0 ≤ γ 2 (n) since all the quantities f 2 (n), g 2 (n), h 2 (n), t 2 (n) are positive.
The values of α 2 (n), β 2 (n), γ 2 (n) for small n are listed in Table II .
and 
By induction, α 2 (n) decreases as positive n increases using the results of Lemma III.2. By Eqs. (3.5) and (3.6), we have
such that γ 2 (n) increases as positive n increases. Finally, we have
where the last inequality holds because of the combination of the third and the last terms:
Because the sequence α 2 (n) decreases monotonically and bounded below, the limit α 2 exists. Similarly, sequence γ 2 (n) and t 2 (n)/f 2 (n) increases monotonically and bounded above so that the limits γ 2 and lim n→∞ t 2 (n)/f 2 (n) exist. It follows that the limit 20) such that β = lim n→∞ h 2 (n)/g 2 (n) exists because
With the existence of the limits α 2 , β 2 , γ 2 , and γ 2 ≤ β 2 ≤ α 2 , we have 1 = lim n→∞ f 2 (n + 1) f 2 (n) g 2 (n) g 2 (n + 1)
by Eqs. (3.3) and (3.4) , which leads to the following result.
Corollary III.1 The three limits γ 2 , β 2 and α 2 are equal to each other.
Lemma III.4 The asymptotic growth constant for the number of dimer-monomers on SG 2 (n) is bounded:
23)
where m is a positive integer.
Proof Let us define λ 2 (n) = f 2 (n + 1)/f 3 2 (n). By Eq. (3.3), we have
It is clear that 1 ≤ λ n ≤ 27, and
for n ≥ m. By Eqs. (2.3) and (3.1), we have 
(3.28)
The proof is completed using the inequality (3.25) .
The difference between the upper and lower bounds for z SG 2 quickly converges to zero as m increases, and we have the following proposition.
Proposition III.1 The asymptotic growth constant for the number of dimer-monomers on the two-dimensional Sierpinski gasket SG 2 (n) in the large n limit is z SG 2 = 0.656294236916....
The numerical value of z SG 2 can be calculated with more than a hundred significant figures accurate when m in Eq. (3.23) is equal to seven.
IV. THE NUMBER OF DIMER-MONOMERS ON
The method given in the previous section can be applied to the number of dimer- where the three outmost vertices have degree two. There are (6 n − 1)/5 vertices of SG 2,3 (n) with degree six and 6(6 n − 1)/5 vertices with degree four. By Definition III.1, the number of dimer-monomers is M 2,3 (n) = f 2,3 (n) + 3g 2,3 (n) + 3h 2,3 (n) + t 2,3 (n). The initial values are the same as for SG 2 : f 2,3 (0) = 1, g 2,3 (0) = 0, h 2,3 (0) = 1 and t 2,3 (0) = 0.
The recursion relations are lengthy and given in the appendix. Some values of M 2,3 (n), f 2,3 (n), g 2,3 (n), h 2,3 (n), t 2,3 (n) are listed in Table III . These numbers grow exponentially, and do not have simple integer factorizations.
The sequence of the ratio defined in Eq. (3.8) {α 2,3 (n)} ∞ n=1 increases monotonically and {γ 2,3 (n)} ∞ n=1 decreases monotonically with 0 ≤ α 2,3 (n) ≤ γ 2,3 (n) ≤ 1, in contrast to the results for SG 2 (n). The values of α 2,3 (n), β 2,3 (n), γ 2,3 (n) for small n are listed in Table IV .
By a similar argument as Lemma III.4, the asymptotic growth constant for the number of dimer-monomers on SG 2,3 (n) is bounded: For SG 2,4 (n), the numbers of edges and vertices are given by e(SG 2,4 (n)) = 3 × 10 n , (4.4)
v(SG 2,4 (n)) = 4 × 10 n + 5 3 , (4.5)
where again the three outmost vertices have degree two. There are (10 n − 1)/3 vertices of SG 2,4 (n) with degree six, and (10 n − 1) vertices with degree four. By Definition III.1, the number of dimer-monomers is M 2,4 (n) = f 2,4 (n) + 3g 2,4 (n) + 3h 2,4 (n) + t 2,4 (n). The initial values are the same as for SG 2 : f 2,4 (0) = 1, g 2,4 (0) = 0, h 2,4 (0) = 1 and t 2,4 (0) = 0. We write a computer program to obtain the recursion relations for SG 2,4 (n). They are too lengthy to be included here and are available from the authors on request. Some values of M 2,4 (n), f 2,4 (n), g 2,4 (n), h 2,4 (n), t 2,4 (n) are listed in Table V . These numbers grow exponentially, and do not have simple integer factorizations. The sequence of the ratio defined in Eq. (3.8) {α 2,4 (n)} ∞ n=1 decreases monotonically and {γ 2,4 (n)} ∞ n=1 increases monotonically with 0 ≤ γ 2,4 (n) ≤ α 2,4 (n) ≤ 1, the same as the results for SG 2 (n).
The values of α 2,4 (n), β 2,4 (n), γ 2,4 (n) for small n are listed in Table VI. TABLE VI: The first few values of α 2,4 (n), β 2,4 (n), γ 2,4 (n). The last digits given are rounded off. By a similar argument as Lemma III.4, the asymptotic growth constant for the number of dimer-monomers on SG 2,4 (n) is bounded:
with m a positive integer. We have the following proposition.
Proposition IV. 2 The asymptotic growth constant for the number of dimer-monomers on the generalized two-dimensional Sierpinski gasket SG 2,4 (n) in the large n limit is z SG In this section, we derive the asymptotic growth constants of dimer-monomers on SG d (n) with d = 3, 4. For the three-dimensional Sierpinski gasket SG 3 (n), we use the following definitions.
Definition V.1 Consider the three-dimensional Sierpinski gasket SG 3 (n) at stage n. The quantities M 3 (n), f 3 (n), g 3 (n), h 3 (n), r 3 (n) and s 3 (n) are illustrated in Fig. 9 , where only the outmost vertices are shown. There are 4 1 = 4 equivalent g 3 (n), 4 2 = 6 equivalent h 3 (n), and 4 1 = 4 equivalent r 3 (n). By definition, M 3 (n) = f 3 (n) + 4g 3 (n) + 6h 3 (n) + 4r 3 (n) + s 3 (n) . Define α 3 (n) = g 3 (n)/f 3 (n) and γ 3 (n) = s 3 (n)/r 3 (n) as in Eq. (3.8). We find {α 3 (n)} ∞ n=1 decreases monotonically and {γ 3 (n)} ∞ n=1 increases monotonically with 1 ≤ γ 3 (n) ≤ α 3 (n) for n ≥ 2. The values of α 3 (n), γ 3 (n) and other ratios for small n are listed in Table VIII .
By a similar argument as Lemma III.4, the asymptotic growth constant for the number of dimer-monomers on SG 3 (n) is bounded: with m a positive integer. We have the following proposition. For the four-dimensional Sierpinski gasket SG 4 (n), we use the following definitions. The quantities M 4 (n), f 4 (n), g 4 (n), h 4 (n), r 4 (n), s 4 (n) and t 4 (n) are illustrated in Fig.   10 , where only the outmost vertices are shown. There are 5 1 = 5 equivalent g 4 (n), 5 2 = 10 equivalent h 4 (n), 5 3 = 10 equivalent r 4 (n), 5 1 = 5 equivalent s 4 (n). By definition, M 4 (n) = f 4 (n) + 5g 4 (n) + 10h 4 (n) + 10r 4 (n) + 5s 4 (n) + t 4 (n) .
2)
The initial values at stage zero are f 4 (0) = 1, g 4 (0) = 0, h 4 (0) = 1, r 4 (0) = 0, s 4 (0) = 3, t 4 (0) = 0 and M 4 (0) = 26.
FIG. 10: Illustration for the spanning subgraphs M 4 (n), f 4 (n), g 4 (n), h 4 (n), r 4 (n), s 4 (n) and t 4 (n). Only the five outmost vertices are shown explicitly for f 4 (n), g 4 (n), h 4 (n), r 4 (n), s 4 (n) and t 4 (n), where each open circle is occupied by a monomer and each solid circle is occupied by a dimer.
We write a computer program to obtain the recursion relations for SG 4 (n). They are too lengthy to be included here, and are available from the authors on request. Some values of M 4 (n), f 4 (n), g 4 (n), h 4 (n), r 4 (n), s 4 (n), t 4 (n) are listed in Table IX . These numbers grow exponentially, and do not have simple integer factorizations.
Define α 4 (n) = g 4 (n)/f 4 (n) and γ 4 (n) = t 4 (n)/s 4 (n) as in Eq. (3.8). We find {α 4 (n)} ∞ n=1 decreases monotonically and {γ 4 (n)} ∞ n=1 increases monotonically with 1 ≤ γ 4 (n) ≤ α 4 (n) for positive integer n. The values of α 4 (n), γ 4 (n) and other ratios for small n are listed in Table   X . with m a positive integer. We have the following proposition.
Proposition V.2 The asymptotic growth constant for the number of dimer-monomers on the four-dimensional Sierpinski gasket SG 4 (n) in the large n limit is z SG 4 = 0.876779402949....
The convergence of the upper and lower bounds is as quick as for the ordinary two dimensional case. More than a hundred significant figures for z SG 4 can be obtained when m in Eq. (5.4) is equal to seven.
VI. SUMMARY
The bounds of the asymptotic growth constants for dimer-monomers on SG 2 (n), SG 3 (n) and SG 4 (n) given in sections III and V lead to the following conjecture for general SG d (n). We notice that the convergence of the upper and lower bounds of the asymptotic growth constants for dimer-monomers on SG d (n) is about the same for each integer d ≥ 2, in contrast to the results observed in [35] for spanning forests on SG d (n) where the convergence of the bounds of the asymptotic growth constants becomes slow when d increases.
The values of z SG d increases as dimension d increases. Similarly for the generalized twodimensional Sierpinski gasket, the values of z SG 2,b increases slightly as b increases.
Compare the present results with those in Ref. [36] , we find that the number of dimermonomers on the Sierpinski gasket SG d (n) is less than that of spanning trees in general.
APPENDIX A: RECURSION RELATIONS FOR SG 2,3 (n)
We give the recursion relations for the generalized two-dimensional Sierpinski gasket SG 2,3 (n) here. For any non-negative integer n, we have f 2,3 (n + 1) = f 6 2,3 (n) + 15f 5
